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Abstract—Sparse representations using learnt dictionaries pro-
vide an efficient model especially for signals that do not enjoy
alternate analytic sparsifying transformations. However, solving
inverse problems with sparsifying dictionaries can be computa-
tionally expensive especially when the dictionary under consider-
ation has a large number of atoms. In this paper, we incorporate
additional structure on to dictionary-based sparse representations
to enable speedups when solving sparse approximation problems.
The specific structure that we endow onto sparse models is that
of a multi-scale modeling where the sparse representation at each
scale is constrained by the sparse representation at coarser scales.
We show that this cross-scale predictive model delivers significant
speedups, often in the range of 10-60 x, with little loss in accuracy
for denoising and compressive sensing of a wide range of visual
signals including images, videos, and light fields.

Index Terms—Sparse representations, Orthogonal Matching
Pursuit, Overcomplete dictionary, Multiscale modeling

I. INTRODUCTION

Visual signals exhibit strong correlation across scales that
is often modeled and exploited to enhance image processing
algorithms [2], [28]. An important example of this idea is
the multi-scale coding of images using the wavelet-tree model
which provides a sparse as well as a predictive model for
the occurrence of non-zero wavelet coefficients across scales
[33]. Specifically, the wavelet tree model arranges the wavelet
coefficients of an image onto a tree such that nodes on the
tree correspond to the coefficients and each level corresponds
to coefficients associated with a particular scale. Under such
an organization, the dominant non-zero coefficients form a
connected rooted sub-tree [5], i.e., children of a node with
small wavelet coefficients are expected to take small values as
well. The wavelet tree model is central to many compression
[29], sensing [7], [9], and processing algorithms [5]. While
the wavelet tree model provides excellent approximation capa-
bilities for images, similar models with cross-scale predictive
property are largely unknown for other visual signals including
videos, hyperspectral images, and light-fields.

Overcomplete dictionaries learned from dataset provide an
alternate approach for a large class of signals in terms of
enabling sparse representations [23]. Given a large amount of
data, there are many approaches that learn a dictionary such
that the training dataset can be expressed as a sparse linear
combination of the elements/atoms of the dictionary. The
reliance on learning, as opposed to analytic constructions as
in the case of wavelets, provides immense flexibility towards
obtaining a dictionary that is tuned to the specifics of a
particular signal class or application. While much work exists
on learning dictionaries that adapt to signal classes, not much
attention has been paid to incorporating predictive models
which enable speed ups by exploiting correlations across

Fig. 1: Left to right: Bayer image, image reconstructed using
OMP, and image reconstructed using the proposed method.
While OMP takes 16 minutes, the proposed method takes only
1.5 minutes with little or no loss in reconstruction quality.

spatial, temporal and angular scales for compression [29] and
computation [28].

In this paper, we propose a multi-scale dictionary model for
visual signals that naturally enables cross-scale prediction, thus
combining adaption to signal classes and speed ups offered by
predictive models. Our contributions are as follows.

« Model. We propose a novel signal model that uses multi-
scale sparsifying dictionaries to provide cross-scale predic-
tion for a wide array of visual signals. Specifically, given the
set of sparsifying dictionaries — one for each scale — the
non-zero support patterns of a signal and its downsampled
counterparts are constrained to only exhibit specific pre-
determined patterns.

« Computational speedups. The proposed signal model, with
its constrained support pattern across scales, naturally en-
ables cross-scale prediction that can be used to speedup
the runtime of algorithms like orthogonal matching pursuit
(OMP) [24]. Figure 1 shows speed-ups obtained for demo-
saicing of images; here, we obtain a 10x speed up with little
loss in accuracy over a similar-sized dictionary. We term our
algorithm, zero tree OMP, since the sparse representation
forms a zero tree.

o Learning. Given large collections of training data, we
propose a simple training method, which is modified from
the classical K-SVD algorithm [3], to obtain dictionaries
that are consistent with our proposed model.

« Validation. We verify empirically that the model works
through simulation on an array of visual signals including
images, videos, and light-field images.

We note that a short version of this paper appeared at the
IEEE International Conference on Image Processing [27]. This
journal paper extends the results to a large class of signals
including light-fields as well as shows results on real data
captured from compressive sensing hardware.



II. PRIOR WORK

A. Notation

We denote vectors in bold font and scalars/matrices in
capital letters. A vector is said to be K -sparse if it has at most
K non-zero entires. The list of indices of non-zero entries of
a sparse vector is termed its support; the support of a vector
s is denoted as €25. The £y-norm of a vector is the number of
non-zero entries. Finally, given a dictionary D € RV*T and a
support set €2, D|q, refers to the matrix of size N x || formed
by selecting columns of D corresponding to the elements of
€; similarly, given a vector s, s|q refers to an |2|-dimensional
vector formed by selecting entries in s corresponding to 2.

B. Sparse approximation

Sparse approximation problems arise in a wide range of
settings [11]. The broad problem definition is as follows: given
a vector x € RY, a matrix D € RV*T we solve

(P0) min |x — Dslla st ||sllo < K.
seRT

While the problem itself is NP-hard [22], there are many
greedy and relaxed approaches to solving (P0). Of particular
interest to this paper is OMP [24], a greedy approach to
solving (P0O). OMP recovers the support of the sparse vector
s, one element at a time, by finding the column of the
dictionary that is most correlated with the current residue. In
each iteration of the algorithm, there are three steps: first, the
index of the atom that is closest in angle to the current residue
is added to the support; second, solving a least square problem
with the updated support to obtain the current estimate; and
third, updating the residue by removing the contribution of
the current estimate. Outline of the procedure is given in
Algorithm 1.

Algorithm 1 Orthogonal matching pursuit

Require: x, D, K

r< X

Q<+ o

Q<+ ¢

for n=11to K do
k « argmax; |(d;, )]
Q<+ QUk
o « argming ||x — Do/
r < X — Diqa

end for

return (), o

> (Proxy)

> (Support merge)
> (Projection)

> (Residue)

The proxy step and the projection step are the two com-
putationally intensive steps in OMP. The time complexity of
the proxy step is O(NTK'), while that of the projection step
is O(NK?3) for K iterations. For very large dictionaries and
very sparse representation, the proxy step is the dominating
term, which grows linearly with the dictionary size.

——T =256 47
3| |—k-T=512 -
10 T=1024 .
——T = 4096
—5-T=8192
@
[0}
£
c
S 102t
5 o
ﬁ /
2 { 4
o
® ’
o *
P d
1 7
10 F e
16 18 20 22 24

Accuracy (dB)

Fig. 2: Time versus accuracy for varying dictionary size when
denoising 8 x 8 x 32 video patches. Each curve was generated
by varying the sparsity level, K, from 8 to 64 in multiples
of 2. We observe that it is computationally beneficial to use a
dictionary with a larger number of atoms at a smaller sparsity
level as opposed to a smaller dictionary at a higher sparsity.

C. Speeding up OMP

A number of techniques have been devoted to speeding up
different steps of OMP. For problems in high-dimensionality,
i.e. large N, one approach is to project to a lower dimension
by obtaining random projections of the dictionary [32]. Specif-
ically, as opposed to the objective ||x — Ds||2, we minimize
|[@x — ®Dsll; where ® € RM*N M < N, is a random
matrix that preserves the geometry of the problem thereby
allowing us to do all computations in an M -dimensional space.
In the context of high-dimensional data, it is typical to have
dictionaries with a very large number of atoms, i.e 7' > N,
and in such a setting, the proxy step becomes a bottle neck.
The need for large dictionaries is driven by higher accuracy of
reconstruction. Empirically, larger dictionaries are needed for
higher accuracy, which is evident from the time vs accuracy
plot in Figure 2 for denoising of videos.

D. Multi-scale approaches for sparse approximation

Various methods have been proposed to speed up sparse
approximation by imposing structure on the coefficients. Such
methods employ a tree-like arrangement of the sparse coeffi-
cients which give it a logarithmic complexity improvement.

One approach is by using approximate nearest neighbors
and shallow-tree based matching [4], [13] to speed up the
proxy step. Instead of searching all the elements of the dictio-
nary for closest match, the dictionary is arranged into a shallow
tree for fast search. In certain conditions, an O(log(T))
search complexity can be obtained. However, this results in
a reduction in accuracy, as the closest dictionary atom is
computed through approximate nearest neighbor method.



Another approach is to restrict the search space by imposing
a tree structure on sparse coefficients [16]. Complexity of
search would then reduce to O(log(T)). Restricting search
space through prediction has been explored in [13] for approx-
imation by chirplet atoms. The proposed method first finds an
approximation to the input signal through a gabor atom first,
and subsequently the scale and chirp are optimized locally
to get an approximate chirplet atom. Though such methods
provide significant speedups, usage is restricted to signals with
known structure, such as wavelets for images or hierarchical
structure of chirplet atoms for sound.

E. Dictionary learning

For signal classes that have no obvious sparsifying trans-
forms, a promising approach is to learn a dictionary that
provides sparse representations for the specific signal class of
interest. Field and Olshausen [23], in a seminal contribution,
showed that patches of natural images were sparsified by a
dictionary containing Gabor-like atoms — this provided a
connection between sparse coding and the receptor fields in
the visual cortex. More recently, Aharon et al. [3] proposed
the “K-SVD” algorithm which can be viewed as an extension
of the k-means clustering algorithm for dictionary learning.
Given a collection of training data X = [x1,X2,...,XQ],X; €
RY, K-SVD aims to learn a dictionary D € RNXT guch
that X ~ DJsi,...,sq| with each s, being K-sparse. This
was one of the first forays into learning good dictionaries for
sparse representation. However, with increasing complexity
and signal dimension, larger dictionaries are needed, which
requires larger computation time.

F. Multi-scale dictionary models

Learning dictionary atoms that are innately clustered is an
intuitive way of speeding up the approximation process with
large dictionaries. Particularly for visual signals, clustering by
incorporating scale or spatial complexity of the signal has been
explored before. Jayaraman et al. [31] learn dictionaries by
a multi-level representation of image patches where simple
patches are captured in the early stages while more complex
textures are only resolved at the higher levels. Given a set of
dictionaries { D1, D, ..., D}, multi-level dictionary learning
is posed as the following optimization problem:

. - 2 t . <1
lI)I},ISI‘lL |Ri—1 — DiSi||* st |sillo <1,

where R;_1 is the residue after training of D;_1. This provides
speedups when solving sparse approximation problems since
patches that occur more often are captured at the earlier levels.
While speedups are constant when compared to a dictionary
of the same size, it does not scale up well to high dimension
signals. We propose a similar multiple levels of representation
of data across scales which captures complex patterns at finer
scales while also incorporating a predictive framework, which
gracefully scales with higher dimensions.

Imposing a tree structure on sparse coefficients to learn
dictionaries has been explored in the context of images.

Jenatthon et al. [15] present a hierarchical dictionary learning
mechanism, where they impose a tree structure on the sparsity,
which forces the dictionary atoms to cluster like a tree. Though
it does give higher accuracy of reconstruction, not much has
been said about speed up obtained. Mairal et al. [19] learn
a dictionary based on quad-tree models, where each patch is
further sub-divided into four non-overlapping patches. While
this method gives better accuracy, the algorithm is very slow,
as it involves approximations of successive decomposition
of a big image patch into smaller image patches. None of
the multi-scale learning algorithms exploit the cross-scale
structure especially for visual signals.

The goal of this paper is to construct dictionaries endowed
with structured sparse representations, similar to the wavelet-
tree model, and enable computational speedups in solving
sparse approximation problems, for a large class of visual
signals which include images, videos and lightfields.

G. Compressive sensing (CS)

An application of sparse representations is in CS where
we sense signals from far-fewer measurements than their
dimensionality [6]. CS relies on the low-dimensional represen-
tations for the sensed signal with sparse representation under
a transform or a dictionary being an example of this. There
is a rich body of work on applying compressive sensing to
imaging or sensing visual signals including images [8], [10]
videos [14], [25], [26] and light fields [21], [30]. Most relevant
to our paper is the video CS work of Hitomi et al. [14]
where a sparsifying dictionary is used on video patches to
recover high-speed videos from low-frame rate sensors. Hitomi
et al. also demonstrated the accuracy enabled by very large
dictionaries; specifically, they obtain remarkable results with
a dictionary of 7' = 100,000 atoms for video patches of
dimension N =7 X 7 x 36 = 1764.

Success of recovery of signals from compressive sensing
needs high accuracy and fast recovery methods, something
which large dictionaries lack in. As an example, Hitomi et al.
claim that the recovery of 36 frames of videos took more than
an hour with a 100, 000 atom dictionary. This calls for faster
recovery methods or better signal models. Particular to visual
signals is the multi-scale and predictive representation, which
is very well exploited in wavelet representation of images.
Extending this to higher dimensional signals is non-trivial, as
no known sparsifying wavelet bases are known.

H. Wavelet-tree model

Our proposed method is inspired by multi-resolution repre-
sentations and tree-models enabled by wavelets. In particular,
Baraniuk [5] shows that the non-zero wavelet coefficients
form a rooted sub-tree for signals that have trends (smooth
variations) and anomalies (edges and discontinuities). Hence,
piecewise-smooth signals enjoy a sparse representation with
a structured support pattern with the non-zero wavelet coeffi-
cients forming a rooted sub-tree. Similar properties have also
been shown for 2D images under the separable Haar basis
[29]. However, in spite of these elegant results for images,



there are no obvious sparsifying bases for higher-dimensional
visual signals like videos and light-field images. To address
this, we build cross-scale predictive models, similar to the
wavelet tree model, by replacing a basis with an over-complete
dictionary that is capable of providing sparse and predictive
representation for a wide class of signals.

ITII. PROPOSED SIGNAL MODEL
A. Proposed cross-scale predictive sparse model

Our signal model extends the notion of multiresolution
representation of signals beyond images. Instead of relying
on analytical bases for sparseness and prediction, we propose
a signal model based on learned dictionaries which retain the
properties of both overcomplete dictionaries and wavelet trees.
Given a signal f, we can represent it in the multi-resolution
[20] manner as:

N2j . ,. ,.
A% f(z) =D Adf (z) = 9 A2
k=1

where A% is the projection operator to the 27 scale space,
{¢?' (x)} form a wavelet basis at 27 scale. Particular to piece
wise signals like images, with bases such as separable Haar,
the coefficients form a rooted sub-tree. While it is hard to
find such analytical bases for an arbitrary signal, we can
instead retain the framework, but replacing the bases ®2' with
overcomplete dictionaries. Hence, we propose a signal model
that predicts the support of a signal across scales (see Figure
3). We present our model with two-scale scenario for ease of
understanding. Given a collection of signals, X C RV, our
proposed signal model consists of two sparsifying dictionaries
Dyign € RN*Thign and Do, € RNowxTiw that satisfy the
following three properties.

o Sparse approximation at the finer scale. A signal x € X
enjoys a Kpgp-sparse representation in Dygp, i€, X ~
DhighShigh With [|Shigh|lo < Khigh-

e Sparse approximation at the coarser scale. Given x € X
and a downsampling operator W : RY +— RNov, the down-
sampled signal xj,w = WX enjoys a sparse representation
in Dlowa i.e., Xiow ~ Dlowslow with ||SIOWH0 < Klow- The
downsampling operator W is domain specific.

e Cross-scale prediction. The support of spign is constrained
by the support of sjoy; specifically, Qg C f(€2s,,), Where
the mapping f(-) is known a priori.

We make a few observations.

Observation 1. Thigh > Tiow since Nhigh > Niow. With the
increase of dimension of the signal, more complex patterns
emerge which require larger number of redundant elements.
Empirically we found that the number of atoms in a dictionary
increases super linearly with increasing dimension of the
signal for a given approximation accuracy (see Figure 2).

Observation 2. Recall that the computational time for OMP
is proportional to the number of atoms in the dictionary since,
at each iteration of the algorithm, we need to compute the inner
product between the residue and the atoms in the dictionary. If
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Fig. 3: Proposed cross-scale signal model with sparse coef-
ficients across scales forming a rooted subtree. We analyze
the signal x at multiple scales such that x(*) is obtained by
downsampling it successively k-times. At the k-th scale, we
learn a dictionary D) such that sparsifies the downsamped
signal x*), ie, x®) = DW®s() We arrange the sparse
coefficients {s(*)} onto a tree and enforce the cross-scale
prediction property as follows: a child atom can take nonzero
values only if its parent is nonzero.

we can constrain the search space by constraining the number
of atoms, then we can obtain computational speedups.

The proposed model obtains speedups by first solving a
sparse approximation problem at the coarse scale and sub-
sequently exploiting the cross-scale prediction property to
constrain the support at the finer scale. The source of the
speedups relies on two intuitive ideas: first, solving a sparse
approximation problem for a problem with fewer atoms (and
in smaller dimensions) is faster due to OMP’s runtime being
linear in the number of atoms of the dictionary used [18]; and
second, if we knew the support of sj,,, then we can simply
discard all atoms in Dhgp that do not belong to f(€s,, ) since
the support of syign is guaranteed to lie within f(Qg,, ).

B. Cross-scale mapping

We propose the following strategy for the cross-scale map-
ping f. Let Q@ = Thigh/Tiow (assuming Thign and Tioy are
chosen to ensure () is an integer). The cross-scale prediction
map is defined using this simple rule.

i€y, = (—-1)Q+{1,2,...,Q} C f(Qq,,)

Each element of the support {1, in the coarser scale controls
the inclusion/exclusion of a non-overlapping block of locations
for the sparse vector in the finer scale. As a consequence, the
cardinality of f(fs,,) 18 QKjow-

C. Solving inverse problems under the proposed signal model.

We now detail the procedure for solving a sparse approxi-
mation problem using the proposed signal model (see Figure
3). Specifically, we seek to recover x € X from a set of linear
measurements y € RM of the form

Y = ®x + € = D DyigpShigh + €,

where & € RM*N is the measurement matrix and e is the
measurement noise. As indicated earlier, we obtain spg using
a two-step procedure.



Stepl — Sparse approximation at the coarse scale. We first
solve the following sparse approximation problem:

(]Dlow) Siow = arg rgin ||y - (DUDIOWSIOWHQ
S.t. HSIOW”O S Klow-

Here, U : RM — R is an up-sampling operator such that
WU is an identity map on R™e, In all our experiments,
we used a uniform down-sampler and a nearest neighbour up
sampler specific to the domain of the signal. This step recovers
a low-resolution approximation to the signal, Xjow = DiowSiow-

Step 2 — Sparse approximation at the finer scale. Armed
with the support 0 = (), , we can solve for spign by solving:

(Phigh)  (Shigh)|(2) = argmin [ly — @ (Dhign)j0cr/|2

S.t. Ha||0 < Khigh-

The sparse approximation problems in both steps are solved
using OMP. The proposed mapping across scales for the sparse
support forms a zero tree, where a coefficient is zero if the
corresponding coefficient at coarser scale is zero. Hence we
refer to our algorithm as zero tree OMP. Algorithm 2 outlines
the zero tree OMP procedure.

Algorithm 2 Zero tree OMP

Require: X, D]OW, Dhighs Klow, Khighs W
Xiow Wx
Tlow < Xiow
Qlow — (b
Qlow ¢
for n =1 to Kjoy do
k « argmax; |[{(diow)i, Tow)|
Qlow — Qlow U k
Qow < arg Hling ||X10W - (Dlow)|QBH2
Tlow < Xlow — (Dlow)\Qalow
end for

D = (Drigh)| £ (Cuon)
Thigh <~ Xhigh
Ohigh < ¢
Qhigh < @
for n=1to Khigh q0
k <+ arg max; | <dl7 Thigh> ‘
Qhigh < Qnigh J )
Qhigh ¢ argming [[%high — Do B>

Thigh = Xhigh — D] Chigh
end for
return thgh’ Qthigh

D. Theoretical speedup.

We provide expressions for the expected speedups over the
traditional single-scale OMP. Since any analysis of speedup
has to account for the complexity of implementing ®, we
consider the denoising problem where ® is the identity matrix.

Let C(N,T, K) be the amount of time required to solve a
sparse-approximation problem using OMP for a dictionary of
size N xT" and sparsity level K. Hence, obtaining sp;en directly

from x would require C(N, Thigh, Khigh) computations. In
contrast, our proposed two-step solution using cross-scale
prediction has a computational cost of C(Nhigh, Tiow, Kiow)
+C(N7 QKIOW; Khigh)-

To compute the dependence of C(N,T, K) on N, T, and K,
recall that for each iteration in the OMP algorithm, we need
O(NT) operations [18] for finding inner product between the
residue and the dictionary atoms, O(T") operations to find the
maximally aligned vector and O(K® + K?N) operations for
the least-squares step. Thus,

C(N,T,K) = O(NTK + TK + K* + K*N).

For dictionaries with a large number of atoms, i.e., large T', and
small values for sparsity level K, the linear dependence on N
dominates the total computation time. Here, the speedup pro-
vided by our algorithm is approximately Thigh/(Tiow + Kiow@)-

E. Learning cross-scale sparse models.

We can learn the dictionaries (Dpigh, Diow) With a simple
modification to the K-SVD algorithm.

Inputs. The inputs to the learning/training phases are the
training dataset X = [x1,Xa,...X,] and the values for the
parameters Khigh, Kiow, Thigh, and Tiow.

Step 1 — Learning Dy,,. We learn the coarse-scale dic-
tionary D), by applying K-SVD to downsampled training
dataset Xy = [Wx1, Wxa,...Wx,]. As a by-product of
learning the dictionary are the supports {2, k.t Of the
sparse approximations of the downsampled training dataset.

Step 2 — Learning Dj,;g,. We learn the fine-scale dictionary

Dhigh = [dy, ..., dr,,] by solving
min ||Y" — DhighShigh || F s-t. dgll2 = 1,
Dhigh , Shigh

support(shigh) C f (Qiow, k)

The above optimization problem can be solved simply by
modifying the sparse approximation step of K-SVD to restrict
the support appropriately. Figures 4, 5, and 6 show examples
of the learnt low-resolution atoms and the corresponding high-
resolution atoms for images, videos and light fields. Observe
that constraining the sparse support of the high-resolution
approximation alone learns patches which are very similar in
appearance to the low-resolution patches, which supports our
proposed signal model.

As a consequence of speed up in approximation step,
dictionary learning by proposed method is also faster. Recall
that K-SVD alternates between dictionary learning and sparse
approximation. Since the modified K-SVD algorithm replaces
OMP by our proposed zero-tree OMP, the overall time taken
for each iteration reduces, thus speeding up the learning the
dictionaries with our proposed algorithm.

F. Parameter selection

The design parameters in the two scale dictionary training
are Kiow, Khnigh, Tiow, and Thigh. Kiow can be chosen to fine
tune the accuracy at lower scales. For compressive sensing
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Fig. 4: Visualization of select low-resolution atoms and their corresponding atoms in the high resolution dictionary; top — low
resolution atoms, scaled up to show features clearly; bottom — corresponding high resolution atoms per each low resolution
atom. By restricting the support set of higher resolution approximation, our method learns child atoms similar to parent atom.
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Fig. 5: Visualization of frames of a 8 X 8 x 32 parent and select children atoms. Notice that the child atoms have similar
motion pattern to the parent atom, with added spatial details.
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Fig. 6: Visualization of a 4 x 4 X 2 x 2 parent atom (left) and frames of select 8 x 8 x 4 x 4 high resolution child atoms. The
low resolution atoms have been scaled up by a factor of 2 to show features clearly. The various sub-aperture views in child
atoms are similar to the parent atoms but with added spatial details.

purposes, lower sparsity promises better reconstruction results.  certain initialization and update heuristics which give better

Hence a K, gives better results. We found that Kj,, in results. Along the same lines, we propose the following

range of 2 — 4 works well. Kygn should be greater than or heuristics for better results

equal to K.y, as at least one atom corresponding to the low

resolution atom will be picked. Tiow and Thigh Were chosen as 1) The lowest resolution dictionary may be initialized as

would be appropriate for the signal dimension, Niow and Npign proposed in [12]. In our experiments, we initialized by

respectively. picking Tj,y, training patches randomly.

2) For initializing higher resolution dictionaries, we use low
resolution dictionary information. Let D), be available
for the first step of multi-scale dictionary training. Let
Since the dictionary learning objective as well as the multi- Q= {i: Wx; = ajrdiowr + r; Vi =12,., n}.

scale dictionary learning objective are non-convex, the solution Then, dhign j,Vj € f(k) is randomly initialized from the

obtained depends on the initialization. Elad et al. [12] proposed sub training samples, X|q, .

G. Initialization of dictionary



Signal

Class L

high

Denoising

Single scale

Inpainting

Multi-scale Single scale Multi-scale

Speedup (dB) (dB) N/M Speedup (dB) (dB)
8x8 4x4 64 512 4 6 3.86 19.6 18.6 5 1.61 18.52 18.3

Images
24x24 12x12 512 8192 4 6 40.72 21.3 19.9 5 16.12 20.8 19.6
Videos 8x8x32 4x4x16 512 8192 4 6 23.00 19.36 20.14 8 7.9 16.63 16.32
Light-field 4x4x8x8 2x2x4x4 1024 8192 4 6 66.34 23.13 26.32 2 19.07 15.9 17.75

TABLE I: Table with speed up and accuracy for denoising and CS with various class of signal. Denoising was performed with
15dB SNR conditions. N/M represents the number of unknowns per each known variable.

3) An unused atom from the lowest resolution dictionary
may be replaced by the least represented training sample,
as proposed in [12].

4) Let € be as defined above. Then an unused atom in
a higher resolution dictionary may be replaced from the
least represented training sampling in Xgq, .

IV. EXPERIMENTAL RESULTS
A. Simulation details

To validate our signal model, we show that our signal model
performs as good as a large dictionary with runtimes compared
to that of a small dictionary. We trained dictionaries over
various classes of visual signals to emphasize the ubiquity
of our signal model. Comparisons were made against a small
dictionary with (1) N,y atoms, (2) a large dictionary with
Nhigh atoms, (3) our proposed multiscale dictionary with Nioy
low resolution and Ny;gn high resolution atoms and finally, (4)
a Nyignh multi-level dictionary with Nje,, levels, as proposed by
Jayaraman et al. [31]. We quantify the approximation accuracy
using recovered SNR that is defined as follows: given a signal
x and its estimate X, SNR = 20log;,(||x||/||x — X||).

B. Images

We trained dictionaries with Ny = 512 and Npjep = 8192
on 24 x 24 image patches and downscaled patches of dimension
12x12. Figure 1 shows demosaicing of the Bayer pattern using
a large single scale dictionary and our proposed method. We
trained an 8192 atom high resolution dictionary on 24 x 24
Kodak True color RGB images [1] and 512 atom low reso-
lution dictionary on the patches downscaled to 12 x 12. We
compare this against 8192 atom single scale dictionary. It took
16 minutes for the single scale with an approximation accuracy
of 18.45dB, whereas only 1.5 minutes with an approximation
accuracy of 18.43dB for the two scale dictionary.

Figure 7 shows image denoising at an SNR of 10dB. We
perform denoising with the trained RGB dictionaries of 24 x 24
patch and with a patch overlap of 18 pixels. With hardly
any reduction in accuracy, our method performs 22x faster.
Figure 8 compares the performance of various dictionaries for
denoising and CS tasks for two representative images. For

Fig. 7: Visualization of results for image denoising. Clockwise
from top left, original image, noisy image with SNR of 10dB,
recovered image using proposed method, and recovered image
using K-SVD learned dictionary. We obtain a speedup of 22x
with less than 1dB reduction in accuracy.

CS, we retained known pixel values only at a fraction of
the locations and recovered the complete image. For both the
cases, our dictionary outperforms other methods. Speed ups
obtained for denoising and CS is summarized in Table I. With
1dB or less loss in accuracy, our method offers significant
speed ups for all image processing tasks.
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Fig. 8: Performance on (top-row) denoising with additive
Gaussian noise and (bottom-rown) inpainting with randomly
removed pixels for two images — (left column) peppers
and (right) budgerier. Here, N/M represents the number
of unknowns per each known. See section IV-A for details
about each dictionary. The proposed method provides better
reconstruction accuracy over competing methods.

C. Videos

We trained dictionaries with Ny = 512 and Npjgp = 8192
on 8 X 8 x 32 video patches and downscaled video patches
of dimension 4 x 4 x 16. We show empirically that our
signal model outperforms single scale dictionaries in terms of
speed and accuracy. Figure 9 show the comparison of single
scale dictionaries of various size and zero-tree dictionary for
denoising of videos. For the same time of approximation, our
method gives the highest accuracy. Put it another way, for the
same accuracy, our signal model takes the least time.

Figure 10 shows the performance of various dictionaries
for denoising and CS tasks and Figure 11 show results for
CS of videos. For CS, we combined multiple frames into a
coded image, as proposed by Hitomi et al. [14]. Speedup in
denoising was 20x while that for CS was between 5x and
15x, depending on the number of measurements. Performance
for video denoising and CS has been summarized in Table I.
Speedups obtained for videos is much higher than for images
with less than 1dB loss in accuracy. Results are significantly
better visually too, as can be seen in Figure 11, from the
smoother spatial profile compared to reconstruction with single
scale dictionary.

D. Lightfield images

We trained dictionaries with Ny = 512 and Npjep = 8192
on 4 x 4 x 8 x 8 video patches and downscaled video patches
of dimension 2 x 2 x 4 x 4. Figure 12 shows the performance

—#—Single scale, k = 4
=k -Single scale, k = 8 7
® Zero-tree dictionary Vs

Time (s)

15 155 16 165 17
Accuracy (dB)

17.5

Fig. 9: Time vs accuracy for denoising of videos at 15dB
input noise, with single scale dictionary and proposed multi-
scale dictionary. Dictionaries of sizes 256, 512, 1024, 4096
and 8192 are compared against a zero tree dictionary of 8192
atoms of high resolution and 512 atoms of low resolution, with
Kiow = 6 and Ky = 8. At high approximation accuracies,
our method outperforms large dictionaries in run-time time.
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Fig. 10: Reconstruction performance on (top-row) denoising
with additive Gaussian noise and (bottom) compressive sens-
ing using the imaging architecture of Hitomi et al. [14] for
two different videos — (left) sharpner and (right) egg drop.
Here, N/M represents the number of frames reconstructed
from each coded image.

of various dictionaries for denoising and CS tasks and Figure
13 shows results for CS of lightfields. For CS, we simulated
acquisition of images with multiple coded aperture settings,
proposed in [17]. Performance metrics for denoising and CS



222 625 : 44
FUB30

s Ly

Bl

39 PLAY N

BESSS 5 - 44
FUB3E0

19 |'|...f:'|‘|l Qo
-0001 37

J—

= soglwy e
- ——— o o Y| . B
{ |
.n “ ' “

Fig. 11: Visualization of reconstructed frames for (top-row) sharpner and (bottom) egg drop videos; (columns: from left-to-
right) ground truth, reconstruction with single scale dictionary; reconstruction with two scale dictionary. The proposed method
provides a speedup of 14x over OMP with a modest 2-4 dB improvement in reconstruction SNR.
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Fig. 12: Reconstruction performance on (top row) denoising
and (bottom) CS with imaging architecture of Liang et al. [17]
for two different lightfields — (left column) Buddha and (right)
Dragons. Here, N/M represents the number of sub-aperture
views recovered for each coded aperture image.

has been summarized in Table I. Our method not just offers a
19 — 60x speed up, but there is an increase in reconstruction
accuracy. Improved results can be observed visually in the
reconstruction results of the Dragons and Buddha datasets in

Figure 13 from compressive measurements.

E. Experiments on real data

We tested our algorithm on real data collected by Hitomi
et al. [14]. A 320 x 320 x 18 video was reconstructed from
a 320 x 320 coded image. We compared reconstruction with
our zero-tree dictionary and the dictionaries of 10,000 and
100,000 atoms trained by Hitomi et al. Figure 14 show the
reconstruction results for a bouncing ball and a toy airplane
respectively with the time taken for reconstruction. Notice that
the results are visually similar while our method is faster by
6x compared to the stock 10,000 atom dictionary. In case of
the bouncing ball, the number “4” has been better resolved in
our result as well.

FE Summary

Table II and Figures 8, 10 and 12 quantify the performance
of the proposed signal model and those obtained using K-
SVD for a wide range of parameters as well as signals. Across
the board, we observe that the proposed framework provides
accuracy that are as good as those obtained with K-SVD,
but with speedups that are 4 — 10x for small-sized problems
and 20 — 110x for larger problems. The speedups obtained
are comparable to results in [4] with higher approximation
accuracies for our proposed method. As a result of speed up
of the sparse coding step, we also get significant speed ups
during the training phase (2 — 40x) using modified K-SVD,
which makes it feasible to deal with very large problems.



Fig. 13: Visualization of reconstructed sub-aperture views for (top-row) Buddha and (bottom) dragon light fields; (columns:
from left-to-right) ground truth, reconstruction with single scale dictionary; reconstruction with two scale dictionary. The
epipolar slices have been scaled up to show features clearly. The proposed method enables a 10x speed up along with an

increase of 1 — 4 dB in reconstruction SNR.

17.73 min

Fig. 14: Reconstruction from real data for two scenes from [14]. For each of the scenes, clockwise from top left: coded image,
reconstruction with 10,000 atom dictionary, reconstruction with 100,000 atom dictionary and reconstruction with the proposed
two-scale dictionary. The proposed method provides a 6x speed up over the 10,000 atom dictionary at an improved visual
quality — for example, the number “4” is rendered with lesser artifacts in our reconstruction.

V. CONCLUSION AND DISCUSSIONS

We presented a signal model that enables the cross scale
predictability for visual signals. Our method is particularly
appealing because of the simple extension to the existing OMP
and K-SVD algorithms while providing significant speed ups

at little or no loss in accuracy. The computational gains pro-
vided by our algorithm are especially significant for problems
involving high-dimensional dictionaries with a large number
of atoms.



Single scale

Multi-scale

Signal Class N Tyin K,,, Speedup (dB) (dB) ‘Legend
N Size of the high resolution signal
8x8 4x4 64 1024 8 8 4.10 21.98 20.67 - )
Images Nl”w Size of the low resolution signal
24x24x3 12x12x3 512 8192 8 8 22.6 20.57 19.64
T Number of atoms in low resolution dictionary
8x8x16  4x4x8 512 8192 16 16 15.87 24.09 22.62 fow
T Number of atoms in high resolution dictionary
Vid 8x8x16  4x4x8 512 8192 14 16 15.80 24.09 22.75 high
1deos
8X8X32 4X4X16 512 8192 16 16 2381 2136 2072 Kluw Sparsity used in low resolution dictionary
8x8x16  4x4x8 512 16384 16 16 16.89 23.27 21.84 Kot Sparsity used in high resolution dictionary
181
Light-field 4X4x8x8 2x2x4x4 2048 32768 4 4 111.02 21.73 19.91 Speed up  Ratiootime ke or il s pprosimaion
Images 4x4x8x8 2x2x4x4 1024 8192 4 6 66.34 23.45 23.04

TABLE II: Table with speed up for various dictionary sizes, patch sizes and sparsity. The speed up shown are for solving sparse
approximation problems and quantify the ratio of time taken by OMP using a K-SVD learnt dictionary to zero tree OMP on
the proposed model. Also shown are approximation errors on training dataset for both K-SVD and the proposed algorithm.

A. Limitations

In order to get higher accuracy of construction, the sparsity
levels need to be higher than that for large scale dictionaries
with the same number of atoms as the high resolution dictio-
nary. This is however not a major drawback, as the speedups
are still significant in spite of the increased sparsity levels.

Table II shows that the model accuracy for our proposed
signal model is lower than that of large dictionary. This is due
to two reasons:

1) K-SVD algorithm, being a non-convex optimization frame-
work, is very sensitive to initialization. The initialization
proposed in this paper is at best a heuristic. Better results
can be obtained with better initialization methods.

The dictionary update step for the proposed modified K-
SVD algorithm runs independent of the sparse approxi-
mation step. A better approach would be to modify the
dictionary update step to incorporate the interdependence
of sparse coefficients.

2)

We propose a signal model and one method of solving sparse
approximation with this signal model. Future work in this
direction would involve better algorithms with the provided
framework with stronger theoretical results.

B. Connections to super resolution using dictionaries

Roman et al. [34] learn a pair of low resolution and high
resolution dictionary using the same sparsity pattern for the
two dictionaries. Given a low resolution patch yj.w, they solve
the sparse approximation problem yjow ~ Djows and then
super resolve the image as y = Dpgs. In contrast, our
method requires the high resolution image, and uses the sparse
representation of the downscaled image to predict the high
resolution sparse representation. While the primary aim of [34]
is image-based super resolution, our method can accommodate
any inverse problem based on sparse approximation.
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